Delta finite-type invariants are defined analogously to finite-type invariants, using delta moves instead of crossing changes. We show that they are closely related to the lower central series of the commutator subgroup of the pure braid group.
INTRODUCTION
We consider in this paper delta finite-type invariants of knots and links (∆FT invariants). In the case of links, these are the same invariants as defined by Mellor [4] . We shall prove some properties of ∆FT invariants which closely resemble properties of finite-type invariants in the usual sense (FT invariants). In the same way that FT invariants are based on sets of crossing changes in knot or link diagrams, ∆FT invariants are based on sets of delta moves in knot or link diagrams. In the same way that FT invariants are closely related to γ n (P ), the the lower central series of the pure braid group P , ∆FT invariants are closely related to γ n (P ′ ), the lower central series of the commutator subgroup of P . Here P = P k , the pure braid group on k strands.
We will show that two knots have matching ∆FT invariants of order < n if and only if they are equivalent modulo γ n (P ′ ), just as two knots have matching FT invariants of order < n if and only if they are equivalent modulo γ n (P ) (see [8] ). Since γ n (P ′ ) ⊂ γ 2n (P ), it follows that an FT invariant of order < 2n is a ∆FT invariant of order < n. It may turn out that all ∆FT invariants of order < n occur this way. However, there is a difference between γ n (P ) and γ n (P ′ ) which may make the ∆FT invariants more than just a relabeling of the FT invariants: For any k and any n, the quotient group γ n (P k )/γ n+1 (P k ) is finitelygenerated, whereas even γ 1 (P
is not finitely-generated. For links of more than one component, there are known advantages to working with ∆FT invariants instead of FT invariants. Murakami and Nakanishi [5] showed that two links are equivalent by a sequence of delta moves if and only if they have the same pairwise linking numbers. Thus, ∆FT invariants detect linking number right at order 0, and so essentially each link homology class gets its own set of invariants of higher orders. Invariants which are not FT over all links may be ∆FT within one homology class. For example, Mellor [4] has shown that Milnor's triple linking number is ∆FT but not FT (it is not even well-defined over all links). See also Appleboim [1] .
Appreciation: I would like to thank the organizers of the "Knots in Hellas" conference, where this work was presented.
DEFINITIONS
The basic terminology here is motivated by the standard ideas from FT invariants. See for example Birman [2] , Gusarov [3] , Ohyama [6] , or Taniyama [9] . 
A link ∆ n -equivalent to an unlink is said to be ∆ n -trivial.
I do not know if this is an equivalence relation in general. If not, then one can consider the equivalence relation that it generates. It will follow from Theorem 2.1 that the definition does give an equivalence relation when restricted to knots. Notation 1.4. Let ZL be the Z-module freely generated by all link types, and let C n be the submodule generated by all linear combinations
for all diagrams L as above.
Definition 1.6 Let v be a link invariant taking values in some abelian group A. Extend v linearly to ZL. Then v is said to be ∆FT of order < n if it vanishes on C n .
Proof: Choose a diagram for L as in Definition 1.3. Use this diagram to form the alternating sum as in Notation 1.4.
is a braid, then we denote by ⌊b⌉ the usual closure of b, connecting the top ends to the bottom ends to make a knot or link. This extends to a Z-linear map from ZB k to ZL. Set t k = σ
If p ∈ P k , then ⌊pt k ⌉ is a knot, and any knot may be written this way. Also, t −1 k pt k is p "shifted" to the right. These are very useful facts. 
The groups γ n (P ′ k ) form a subcoherent sequence of pure braid subgroups, and therefore Definition 1.9 gives an equivalence relation. See [8] .
THEOREMS
Just as with FT invariants, there are several different ways of characterizing the knots whose whose ∆FT invariants match up to a given finite order.
Theorem 2.1. For two knots K and K ′ , the following are equivalent:
Gusarov [3] showed that the equivalence classes of knots with matching FT invariants of order < n form a group under the operation of connected sum. The same is true for ∆FT invariants.
Theorem 2.2. For all n, the ∆ n -equivalence classes of knots form a group under connected sum.
Theorems 2.1 and 2.2 apply only to knots. The next theorem applies to both knots and links.
Theorem 2.3. For any link L and any positive integer n, there exist an infinite number of prime, nonsplit, alternating links
for all ∆FT invariants of order < n.
PROOFS
We showed in [8] that the P (n) -equivalence classes of knots (where P (n) is the derived series) form a group under connected sum, so Theorem 2.2 follows from Theorem 2.1 because P (n+1) ⊂ γ n (P ′ ). We showed in [7] how to modify a link L to create an infinite family of prime, nonsplit, alternating links in the same γ n (P )-equivalence class as L, and we showed how to make this procedure work for P (n) -equivalence of knots in [8] . The same procedure is easily modified to give a proof of Theorem 2.3, given Propositions 1.7 and 3.1.
Proposition 3.1. If two links are γ n (P ′ )-equivalent, then they are ∆ n -equivalent.
Proof: It suffices to show that a braid in γ n (P ′ ) is ∆ n -trivial, in the sense that there exists a braid diagram K such that Notation 1.1 and Definition 1.3 apply. The proof is by induction on n. We first need to see that any braid in P ′ is ∆ 1 -trivial. Let p i,j be the standard generator of P k which links the ith and the jth strands. Any commutator
i,j . may be transformed into a trivial braid by a delta move. Take any standard set of relations among the p i,j , and add in all relations of the form [p h,i , p i,j ]. The result is a presentation of P k abelianized, and therefore any braid in P ′ k may be undone by delta moves.
For the induction step, consider a braid [p, q], where p ∈ γ n (P ′ ) and q ∈ P ′ . Write down the obvious diagram for [p, q], in terms of diagrams for p and q which have n and 1 disjoint sets of disks, respectively, as in Notation 1.1. The first n sets of disks in [p, q] will come from the disks in p together with the disks in p −1 . The last set will come from the disks in q and q −1 . If the module C n ⊂ ZL is pulled back to the group ring ZB k via the closure map, the result is an easily-described ideal: Proposition 3.2. For each positive integer k, let I = I k ⊂ ZB k be the ideal generated by all p − 1 with p ∈ P ′ k . Then the module C n is generated by all ⌊x⌉ with x ∈ I k for some k. Proof: Let L be a diagram as in Notation 1.1. Using a standard trick from FT invariants (see Gusarov [3] ), we may restrict ourselves to the relations (1.5) where each S i contains a single disk. We would like to apply an Alexander-type theorem as in Birman [2] . Whether or not a delta move can be fit locally into a braid diagram depends on the pattern of orientations of the strands. (If our links aren't oriented, then choose an arbitrary orienation for each component.) Each dot in Figure Figure 3 .3 indicates a possible delta move, and all four delta moves shown have the same effect. The moves on the left and right ends of the figure cannot occur locally in a braid because one of the three strands will be forced to go "backwards". However, the figure demonstrates that we can instead always choose moves like the two in the middle, which can occur locally in a braid. We may then write K as a closed braid diagram, and we may write each delta move as [p h,i , p i,j ] − 1. We then find that the relation determined by L is in fact the closure of an element of I n . Now, restricting ourselves to the case of knots, we may conjugate if necessary and see that C n is generated by expresssions of the form
where x i ∈ P ′ k and y ∈ P k . The only thing that prevents us from applying exactly the same analysis as in Section 2 of [8] is that y is not necessarily in P ′ k . This is fixed as follows. The expression (3.4) is a Z-sum of 2 n different knots. If we take the connected sum of each of these with the knot ⌊y −1 t k ⌉, then we may write the resulting Z-sum of knots as
If v is an additive invariant, then it vanishes on (3.4) if and only if it vanishes on (3.5). Now we use the same idea as in [8] , to slide the y −1 around and around until it cancels with the y. That is, we consider relations of the form . This is the same relation as (3.6), and it is written in the same form except that m has been decreased by one. Hence a relation of the form (3.4) may be replaced by a relation of the same form, with y ∈ P ′ .
